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Free Surface Problem

Irrotational flow, linearized BC’s (fixed domain)
−∆φ = 0 in Ω

∇φ · n = ∂tζ on z = 0

∂tφ+ ζ = 0 on z = 0

∇φ · n = 0 on ΓB
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Discrete Problem

Discretization with HDG

Find (φnh, q
n
h, λ

n
h) ∈W p

h ×Vp
h ×Mp

h s.t. for all (wh, vh, µh) ∈W p
h ×Vp

h ×Mp
h ,

the following relations are satisfied

− (qnh, vh)Th + (φnh,∇ · vh)Th − 〈λ
n
h, vh · n〉∂Th = 0,

(wh,∇ · qnh)Th + τ〈wh, φ
n
h〉∂Th − τ〈wh, λ

n
h〉∂Th = 0,

−〈qnh · n, µh〉Eh − 〈τφnh, µh〉Eh + 〈τλnh, µh〉Eh +
9

4∆t2
〈φnh, µh〉ΓS

= g(φn−1
h , φn−2

h )

Linear System

 A BT CT

B D ET

C E H

 Q
Φ
Λ

 =

 R
F
L

⇒


Step 1: Static condensation:

solve for Λ

Step 2: Reconstruct Q and Φ
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Algorithm

Algorithm 1 Solving the linear free surface problem

1: for n = 1 to Number of time steps do
2: for k = 1 to Number of mesh elements do
3: Assemble local matrices Ak , Bk , Ck , Dk , Ek , Hk and local RHS

Rk , Fk , Lk
4: Map to global matrices A, B, C , D, E , H and global RHS

R, F , L
5: end for
6: Solve linear system for Λ
7: Reconstruct Q and Φ
8: Compute the wave height ζnh using φnh
9: Update to the next time step

10: end for

The implementation is done in the C++ library MFEM.
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Test 1

The analytical solution is

φ(x , y , t) = φ0 cosh(k(y+1)) cos(ωt−kx) -0.015
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Test 2

t = 18.4 t = 32.96

I have a video of the solution!
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